Abstract We show that a locally compact group is amenable if and only if it admits a (nontrivial) injective Banach module which is reflexive as a Banach space, generalizing work
Introduction
Let A be a Banach algebra. By a left A-module we shall always mean a Banach left A-module satisfying ax ≤ a x whenever a ∈ A and x ∈ X, and a morphism of left A-modules will be a bounded linear map commuting with the respective actions. X will be called injective, cf. [H, III.1.14, p. 136] , if for any morphism ι of left A-modules admitting a bounded linear left inverse ℓ, and any morphism λ 0 from Y 0 into X, there is a morphism λ from Y into X satisfying λ 0 = λ • ι,
X Let the essential part, X e , of a left A-module X be defined as the closed linear hull of the set of products ax, a ∈ A, x ∈ X. We shall call X nontrivial if X e = 0, essential if X = X e , and reflexive if X is reflexive as a Banach space. In case that X is reflexive and A has a bounded two-sided approximate unit (of norm ≤ c), there is an A-module morphism (of norm ≤ c) projecting X onto X e . The Banach space dual, X * , of X becomes a right A-module under the action defined by x, x * a = ax, x * , for x * ∈ X * , a ∈ A, and x ∈ X. Let G be a locally compact group. Choosing a left invariant Haar measure on G, we obtain the Banach algebra L 1 (G) whose dual space will be identified
. It is well known that every essential left L 1 (G)-module is a left G-module such that, for any x ∈ X, the mapping s → sx is continuous from G into X and sx = x , s ∈ G, the respective actions being related by the formula ax = a(s) sx ds, for a ∈ L 1 (G) and x ∈ X. This same formula defines on any such left G-module an essential left
Daws, H.L. Pham, and P. Ramsden recently showed the following theorem, [DDPR, Theorem 9.6 ].
Theorem( [DDPR] ). -Let G be a locally compact group, and 1
Imitating F.J. Yeadon's method, [Y] , for establishing the existence of a trace in a finite von Neumann algebra, we show These results are equally valid for uniformly bounded, left or right Banach L 1 (G)-modules. For the notions of the injective tensor product,⊗, of Banach spaces and integral operators to be used we refer to the monograph of J. Cigler, V. Losert, and P. Michor, [CLM] . The proof of the Proposition starts right after this Introduction.
Some Preparations
The G) , X) and the morphism ι described below were introduced by P. Ramsden, [Ra, Ch. 5, p. 21] ; cf. also [DDPR, Ch. 9 
Let G be a locally compact group, and X an essential Banach left
To show that it is compact, we may assume a nonnegative, of integral one, and of compact support, K. But then the image of the unit ball,
Since this is compact, the compactness of aT follows.
The morphism
As in [Ra, p. 21] , we define an isometric linear embedding
, and λ 0 = id X in the definition, we obtain a morphism λ,
satisfying the following properties:
(i) λ is bounded and linear;
, and x ∈ X. To show that λ commutes also with the respective G-actions, we proceed as in [L, Lemma 2, p. 354] .
Since X is essential, these formulae yield, (a i ) being an approximate unit in
Since
2.5 Summarizing the above, we have: if the essential left L 1 (G)-module X is injective, the morphism ι, ιx = 1 G ⊗ x, x ∈ X, possesses a left inverse λ,
enjoying the following properties:
(i) λ is bounded and linear; G) , and x ∈ X. * ) corresponding to m. -The theorems involved in this discussion are due to I. Singer, [S] ; cf. also VI.3.Theorem 3, p. 162, and VI.3.Theorem 12, p. 169, in [DU] , and, in particular, Satz 1 in Losert's Thesis, [Lo, p.7] .
3.2 Lemma. -Let K be a compact Hausdorff space, X and Y be Banach spaces, and u a weakly compact linear map,
For any sequence (A n ) of pairwise disjoint Borel subsets of K, and any bounded sequences (y n ) in Y and (x * n ) in X * , we have
Proof Let (A n ) be a sequence of disjoint sets in B(K), (x * n ) a bounded sequence in X * , (y n ) a sequence in Y of bound c, and ε > 0. Using the dual operator u * :
Since, by the weak compactness of u * , the set {m n } is relatively weakly compact in bvrca(B(K), Y * ), Theorem 1 in [B, p. 288 ] -or IV.2.Theorem 5 in [DU, p. 105] , in case Y happens to be, for instance, reflexive -yields a finite positive Borel measure µ on K such that the set, {|m n |}, of variations of the m n 's is equicontinuous with respect to µ. Hence, for some δ = δ(ε) > 0, we have |m n |(A) < ε for all n whenever A ∈ B(K) satisfies µ(A) < δ. From lim µ(A n ) = 0 we obtain an n(δ) such that µ(A n ) < δ, and therefore |m n |(A n ) < ε, for all n ≥ n(δ). This implies
for all n ≥ n(δ), proving the lemma.
Any of the following conditions on X and Y assures the weak compactness of a bounded linear map u from C(K)⊗Y into X:
(a) X is reflexive, and Y arbitrary; (b) X is weakly sequentially complete, and Y * has the Radon-Nikodým property, cf. [G] ; (c) X is weakly sequentially complete, and Y is a C * -algebra, cf. [ADG, Theorem 4.2, p. 449].
3.3 Corollary. -Let G be a locally compact group, X a reflexive Banach space, and u a bounded linear map,
For any sequence (A n ) of pairwise disjoint measurable subsets of G, and any bounded sequences (x n ) in X and (x * n ) in X * , we have
Proof L ∞ (G) being an abelian von Neumann algebra, there exist an (extremely disconnected) compact Hausdorff space K and a * -isomorphism from L ∞ (G) onto C(K), mapping (c An ) onto a sequence of pairwise orthogonal projections in C(K), so that (3.2) applies. Lemma. -Let M be an abelian von Neumann algebra. A bounded subset K of the Banach space dual, M * , of M is relatively weakly compact if and only if every sequence (p n ) of orthogonal projections in M converges uniformly on K to zero, i.e., for any ε > 0 exists n(ε), such that sup f ∈K |f (p n )| < ε (n ≥ n(ε)).
4.2 Lemma. -Let G be a locally compact group, X an essential reflexive injective Banach left L 1 (G)-module, and λ : L ∞ (G)⊗X −→ X a map satisfying (2.5. i, ii). Defining, for any x ∈ X and x * ∈ X * , M ∈ L ∞ (G) * by
the set, {L * * s M : s ∈ G}, of left translates of M is relatively weakly compact in L ∞ (G) * .
Proof If this were not the case, there would exist, by 4.1, an ε > 0, a sequence (A n ) of pairwise disjoint measurable subsets of G, and a sequence (s n ) of points in G, such that |L * * sn M (c An )| ≥ ε (n ≥ 1).
Setting λ = u, s n x = x n , x * s −1 n = x * n , we obtain, from ( 
